Using the notion of spherical modification and results from Morse theory a general technique is described for constructing manifolds whose strong category is small (^3 ) but whose homological structure is complex.
Unless stated otherwise an w-manifold is a compact, differentiable n dimensional manifold without boundary.
Let V 1 be an w-manifold and suppose S* is an i-sphere homeomorphically and smoothly imbedded in V 1 with a trivial normal bundle. Then S* has a neighborhood of the form S i xD n~i (D"~* is an (w-i)-disc). Clearly the boundary of S ( x D n~* = S* X S"-'- 1 = the boundary of D i+1 x S"-'- 1 . Smoothly identifying the boundary of D <+1 x S"-'- 1 with the boundary of (Fj-interior (S'xZ)""')) results in a new manifold F 2 . F 2 is said to be obtained from V x by a spherical modification of type (i, n-i-l). (Cf. [8] page 504). The manifold F 2 has a sphere S n~i~1 (the associated sphere to S*) imbedded in it with trivial normal bundle; namely, {0} x S"-'" 1 C D'+i X S"-'" 1 C F 2 .
Clearly by reversing the procedure F x can be obtained from F 2 by a spherical modification of type (n-i-l,i) determined by the associated sphere to S*. Such a modification will be called an inverse to the given one. Let F 2 be obtained from V 1 by performing a finite sequence S of spherical modifications on V 1 . Associated to S is a w+1-manifold W called the trace of 5 with boundary of W = V x u F 2 . The triple (W, V 1 , F 2 ) is a manifold triad in the sense of [6] page 2. A rearrangement theorem says that the modifications S can be rearranged so that all modifications of type (i, n-i-l) are performed before any of type (i+l, n-i-2) and all modifications of type (i, n-i-l) can be assumed to be carried out on the same manifold. Further the trace of the rearranged sequence is the same as the trace of 5. (Cf. [8] page 514 and [6] page 44).
Assuming that the sequence S of modifications leading from F x to F 2 is already 'rearranged' as above one has a sequence of manifolds 
where / is from the homology sequence of the pair (M, D n ) and is thus an isomorphism for i > 0 and g is induced by excision and homotopy and is thus an isomorphism for all i. Since M is connected H 0 (M) = Z and for i > 0 the theorem follows from theorem 1. 
Performing on V x spherical modifications determined by these JV different spheres gives a manifold V with N mutually disjoint spheres {S?"*^1} (5""'" 1 is associated to S)' 1 ) imbedded in it. Performing on V, N spherical modifications inverse to those performed on V 1 gives a manifold V 2 which is again S n-1 . Finally, perform on F 2 an (n-1, -1) spherical modification determined by V 2 itself. Let W = trace of these 2iV-|-l modifications and let M = D" u W (M is clearly a compact, connected w-manifold).
For
For n = 2m a slight change occurs; namely, the number of (m-\,m-1) modifications performed on V x = t, and the number of (m-l,m-l) modifications performed on V -t, so the total number of (m-l,m-l) modifications = 2t = b m . In both cases there is only one (n-1, -1) modification performed thus Cj = Flbjl ^ i ^ n for any n.
Consider now d t : C, ->-C i _ 1 . To compute d t it is necessary to find the intersection numbers S'f 1 • S£~* where S)~x is a generator of C t and 5^""* is associated to a generator S 1^2 of C i _ 1 . If w = 2T« then i-1 ^ «-i and thus by the construction of W, S'f 1 n Sj~* = 0 for 2 ^ i ^ w-1. However if » = 2w+1 then t-1 = n-i for i = m-\-\. In this case, then, the associated spheres to generators of C m are the generators of C m+1 .
Let 5™ -1 be a generator of C m and let 5™ (a generator of C m+1 ) be associated to S™" 
where D* X S n~*~x is the set introduced into V by the modification and where D' is an z'-disc C interior D*. Changing the 'radius' does not effect the modification in any significant way (Cf. [9] page 776). Thus all the discs in C 2 can be taken disjoint from D\. Finally, performing the (»-1, -1) spherical modification determined by V 2 corresponds to attaching an M-disc Z) 2 to D" u C x u C 2 by identifying the boundary of D\ to F 2 . Thus M = {D\ u C 2 ) u C 2 u D 2 where (Z>? u C 2 ), C^ and D\ each consist of finitely many mutually disjoint M-discs.
If
is a set of mutually disjoint w-discs in a connected w-manifold (which M is) then D x can be joined to D 2 by a smooth arc a so that a n U*_i ^< = two points, one in boundary D x and one in boundary Z) 2 Finally one obtains a set E k which is contractable in itself.
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Hence M can be covered by 3 such contractable sets and if each of them is expanded slightly M can be covered by their interiors and it follows that C(M) fSL 3. This completes the proof of theorem 3.
REMARK. The theorem only asserts the existence of a manifold of a certain type. A manifold satisfying theorem 3 can be constructed in a simple manner as indicated below. The more involved construction given in the proof of the theorem gives a general technique for constructing manifolds with C (M) ^ 3 as there are few restrictions placed on the spherical modifications involved. For example, by changing the (0, 0) modification one can obtain the 2-torus, the klein bottle or the projective plane.
For n = 2m+l one can obtain a manifold satisfying theorem 3 as follows: Let N = 2£.i&< a n ( i denote by M ( , b t copies of S i xS n~i . Define M to be the connected sum of M' = Uili-^i (i-e. fix a component C of M' and connect all other components of M' to C by (0, n-\)-modifications. It is not difficult to prove directly that M satisfies the theorem and is in fact a special case of the construction given in the proof of theorem 3. A similar argument holds for n even.
In theorem PROOF. This follows from [2] page 258 theorem 29.3. Let / be a Morse function on an w-manifold M (/ : M -> R (reals) with a finite number of critical points all of which are non-degenerate). To each critical point of / is attached an index i (an integer 0 5g i fS n) (Cf. [7] use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700007394 page 5). Define fi(M) to be the minimum number of different indices appearing in / as / ranges over all Morse functions on M. It is well known that C(M) <: fi(M) <; w+1 (Cf. [3] or [5] ). Further if the number of points with index i for a Morse function / on M is zero then H^M) = 0 (Cf. [7] 
